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We study theoretically interference of the long-living quasistationary quantum states of antihy-
drogen atoms, localized near a concave material surface. Such states are an antimatter analog of the
whispering gallery states of neutrons and matter atoms, and similar to the whispering gallery modes
of sound and electro-magnetic waves. Quantum states of antihydrogen are formed by the combined
effect of quantum reflection from van der Waals/Casimir-Polder (vdW/CP) potential of the surface
and the centrifugal potential. We point out a method for precision studies of quantum reflection of
antiatoms from vdW/CP potential; this method uses interference of the whispering gallery states
of antihydrogen.
PACS numbers:
I. INTRODUCTION
Localization of waves near a curved material surface, known as the whispering gallery (WG) effect [1, 2], has been
an object of growing interest during the last decade due to its multiple applications in optics [3–6], in atomic physics
[7–14] and, since recently, in neutron physics [15–20]. In the quantum mechanical description, the WG effect consists
in evolution of a quantum object settled in long-living quasi-stationary states near a curved surface. Long life-times
of such states and their small spatial size compared to the surface curvature radius, result in peculiar properties of the
WG modes. In particular, neutrons or atoms, settled in the WG modes, spend relatively long time in the vicinity of
a curved surface. Thus they might be sensitive to details of the atom(neutron)-surface potential and could serve as a
probe for this interactions, in particular for establishing constraints for the strength of extra fundamental interactions
with the spatial scale from a few nanometers to a micrometer [21–24], predicted in various extensions to the Standard
Model. Weakly explored physics of the antiatom-matter interaction is of particular interest. In this paper we study
theoretically the interference between long-living WG states of antihydrogen (H¯) atoms [25] localized near a curved
material surface in absence of external fields. We point out high sensitivity of an interference pattern to properties of
the H¯-matter interaction.
At a first glance the existence of any H¯-matter long-living states seems improbable because of prompt annihilation of
H¯ in the bulk of a material wall. However, slow enough H¯ atoms, impinging a material surface, are partially reflected
due to the phenomenon of over-barrier quantum reflection [26–29] from the van der Waals/Casimir (vdW/CP) atom-
wall potential [30–35]. The smaller is the normal incidence momentum k of H¯ , the larger is the reflection coefficient.
It follows from the Wigner law that the reflection coefficient tends to unity in the limit of zero k [36, 37]. This is
why a H¯ atom might be localized in quantum quasi-stationary states near a plane material surface [38] in the Earth’s
gravitational field. It ”bounces” on a surface the same way as neutrons bounce in gravitational quantum states,
discovered recently [39–44]. The characteristic lifetime of H¯ states above a plane conducting surface in the Earth’s
gravitational field is long enough (τ ≃ 0.1 s) and could be even significantly increased by choosing a proper material.
In the related similar phenomenon of localization of H¯ atoms moving in the vicinity of a curved surface, considered
in this paper, corresponding quasi-stationary quantum states are formed by superposition of the effective centrifugal
potential and the quantum reflection. WG states are the states with high angular momentum, so that the kinetic
energy of tangential motion (parallel to the curved surface) is close to the total energy. This means that H¯ radial
motion normal to the material wall is slow, which provides large probability of quantum reflection and thus long
lifetime of the quasi-stationary states. For a certain range of the tangential velocities v of H¯ the effective centrifugal
potential can be approximated quite accurately by a linear potential in the vicinity of the curved surface. In the
problem of interest we deal with the effective centrifugal potential (mv2/R)x (where m is the inertial mass of H¯, x is
the distance from the surface), instead of the gravitational potential Mgx (where M is the gravitational mass of H¯
and g is the free fall acceleration). Thus the WG states appear complementary to gravitational states in testing WEP
in the quantum domain [45, 46]. Simplicity to tune the effective centrifugal acceleration by changing the (anti)atom
beam velocity v is an important advantage of studying WG states.
In a long standing problem of experimental testing of antimatter gravitational properties [47–52] the phenomenon
of existence of quasi-stationary states of H¯ , localized near material surface, could become a novel promising tool
[53]. Indeed, clearly visible antiatom-wall annihilation signal might make possible observation of quantum interference
effects for such states, which should be sensitive to antimatter gravitational properties [38]. Such studies would require,
2as an important ingredient, the knowledge of the antiatom-material wall scattering length, which characterizes the
antiatom-matter interaction in the considered low energy limit. The interferometry of WG states of H¯ atoms, could
be an independent and precision method to measure these antiatom-matter scattering lengths for different materials.
The paper is organized as follows. In section II, we write down the main equations describing WG states, and
estimate the spatial and energy scales of the problem. In section III, we study theoretically the transmission of H¯
throw a slit between two coaxial cylindrical surfaces and point out a precision method to study the quantum reflection.
In section IV, we study theoretically the interference between antihydrogen WG states and demonstrate potentially
high sensitivity of the interference pattern to parameters of the system. In Appendix we present details of derivation
expressions for the WG states energies of H¯ between two coaxial cylinders.
II. ANTIHYDROGEN WG STATES
In the following we will be interested in a certain state of motion of an H¯ atom along the surface of a curved
material mirror, during which H¯ atom undergoes multiple grazing collisions with a material surface. The interaction
of H¯ atom with the material wall could be described by vdW/CP potential. Such a potential has the asymptotic
C4/R
4, where R is the distance from the wall and C4 is the Casimir-Polder coefficient [30], which depends on the wall
material properties alone and stands for the retardation effects in the (anti)atom-wall interaction. This potential can
be characterized by the spatial scale lCP [36]:
lCP =
√
2mC4, lCP = 0.027 µm, (1)
m is the mass of an H¯ atom. The prompt annihilation of H¯ in the bulk of the wall can be described by means
of a full absorbtion boundary condition [36, 37]. According to the Wigner law, the reflection coefficient r for the
(anti)atom-wall system in the low energy limit is determined by the imaginary part of the scattering length aCP of
such an interaction:
r ≃ 1− 4k| Im aCP |/~, (2)
k is the transversal momentum of H¯.
The values of aCP were calculated in [36] for the case of perfectly conducting surface:
aCP = −(0.10 + i1.05)lCP , aCP = −0.0027− i0.0287µm. (3)
The value aCP characterizes completely the absorptive(reflective) properties of the material wall in case of low energy
H¯-wall collisions.
As follows from eq.(2) , if the transverse momentum of H¯ is small, so that the condition k| ImaCP |/~≪ 1 is valid,
H¯ atoms are reflected efficiently from the material wall. This reflection explains coexistence of slow H¯ atoms and
material surroundings in a form of quasi-stationary states. In the following we will apply these arguments to WG
states of H¯ atoms.
(Anti)atom dynamics in a cylindrical wave-guide with the radius R obeys the following Schro¨dinger equation in the
cylindrical coordinates:
[
− ~
2
2m
(
∂2
∂ρ2
)
− ~
2
2mρ2
(
∂2
∂ϕ2
+
1
4
)
+ VCP (|R− ρ|)− p
2
2m
]
Φ(ρ, ϕ) = 0. (4)
Here Φ(ρ, ϕ) is the wavefunction of H¯, ρ is the radial distance measured from the cylinder axis, ϕ is the angle,
VCP (|R − ρ|) is the H¯-wall vdW/CP interaction potential [37, 54] and p is the momentum of H¯. We omit the
trivial dependence on z-coordinate along the cylinder axis in this equation. The above equation meets the following
boundary conditions: regularity at ρ = 0, uniqueness under the 2pi-shift in the angle ϕ→ ϕ+2pi, and full absorption
(annihilation) in the wall bulk at distances ρ ≥ R [37].
The wave-function is decomposed using the angular momentum eigenfunctions basis as follows:
Φ(ρ, ϕ) =
µ=+∞∑
µ=−∞
χµ(ρ) exp(iµϕ), (5)
with χµ(ρ) the radial motion wave-functions. The solutions of interest are regular at the zero distance ρ = 0.
One can show that WG states are the states with large angular momentum [25] µ such that ~2µ2/R2 ≈ p2 [18].
Indeed, in this case the radial motion is slow that is the necessary condition for the efficient quantum reflection of
3H¯ from the surface. The typical values of angular momentum µ for practically important (see below) values of the
tangential velocity of H¯ v = 1 m/s, and the cylinder radius R = 0.1 m is µ ≃ 1.6× 106. This means that H¯ motion
in WG states of interest along the angular coordinate ϕ is semiclassical. This fact enables us to consider a motion
parallel to the surface as classical and introduce temporal dependence of the wave-function Φ(ρ, t) assuming that
ϕ = vt/R. In the following we will use such a temporal treatment.
We expand the expression for the centrifugal potential in the vicinity of the distance ρ = R introducing the deviation
x from the cylinder surface x = ρ − R. In the first order of the small ratio x/R, we get the following Schro¨dinger
equation: [
− ~
2
2m
∂2
∂x2
+ VCP (−x) + ~2µ
2 − 1/4
2mR2
(
1− 2x
R
)
− p
2
2m
]
χµ(x) = 0. (6)
Introducing the radial motion energy εµ:
εµ =
p2
2m
− ~2µ
2 − 1/4
2mR2
≃ (pR)
2 − ~2µ2
2mR2
,
and the tangential velocity vµ, so that µ = mvµR/~, we translate the Schro¨dinger equation into the form:[
− ~
2
2m
∂2
∂x2
+ VCP (−x)−
mv2µ
R
x− εµ
]
χµ(x) = 0. (7)
In the following we will omit the subscript µ, assuming that the results are obtained for a fixed µ value.
Eq. (7) defines the spatial l0 and energy ε0 scales, characteristic for the effective linear potential m(v
2/R)x:
l0 =
3
√
~2R
2m2v2
, and (8)
ε0 =
3
√
~2mv4
2R2
. (9)
Efficient quantum reflection of H¯ occurs only in case of hierarchy of the spatial scales of vdW/CP potential lCP
and the linear (centrifugal) potential spatial scale l0 :
l0 ≫ lCP . (10)
This condition means, in particular, that the effect of vdW/CP potential on the motion of H¯ in a linear attractive
potential can be described using a modified boundary condition at x = 0. Such a boundary condition at x = 0 ensures
the matching of logarithmic derivative of the WG state wave-function with the solution inside the vdW/CP potential
and has the form [37]:
χ(0)
χ′(0)
= −aCP . (11)
So far the reflecting (absorbing) properties of the material wall appear in the above formalism only via the constant
aCP . If the condition Eq.(10) is valid the problem of interest is equivalent to the problem of H¯ motion in a superposition
of the linear gravitational potential and the CP/vdW antiatom-wall interaction potential studied in [38]. In particular,
for the parameters R = 0.1 m, v = 0.99 m/s, the effective centrifugal acceleration coincides with the free fall
acceleration v2/R = g. Then the corresponding whispering gallery spatial scale is l0 = 5.87 µm, while the energy
scale is ε0 = 0.60 peV. For the lowest states, the eigen-functions are well-known Airy functions [55] with a complex
shifted argument:
χn(x) ∼ Ai(x/l0 − λn), (12)
where λn are the modified eigen-values of a quantum bouncer, which are the solutions of the following equation:
Ai(−λn + aCP /l0) = 0. (13)
The corresponding complex energies of quasi-stationary states are:
εn = ε0λ
0
n +
mv2
R
aCP , (14)
4where λ0n are the eigen-values of the standard quantum bouncer (i.e. a quantum particle in a linear potential V (x) ∼ x
superimposed with a totally reflecting mirror at x = 0 ), which obey the following equation:
Ai(−λ0n) = 0. (15)
The width of all such states is equal:
Γ/2 =
mv2
R
| Im aCP |. (16)
In particular, the corresponding lifetime τ = ~/Γ of quasi-stationary states equals 0.1 s for the velocity v = 0.99
m/s and mirror radius R = 0.10 m for an ideally conducting surface, and it is 0.2 s for a silica surface [56]. The
angular position of the H¯ atom is shifted by:
∆ϕ =
τv
R
=
~
2mv| Im aCP | (17)
during this lifetime. ∆ϕ = 1.136 rad for the mentioned above parameters. For a silica surface this value is twice
larger.
Properties of whispering gallery states of H¯ near a cylindrical surface are similar to the gravitational states of H¯
near a plane surface. However, only inertial mass of H¯ is involved in the case of whispering gallery states; also the
effective acceleration v2/R is a tunable parameter.
III. AN INTEGRAL METHOD TO MEASURE THE H¯-WALL REFLECTION PROPERTIES
As already mentioned the value aCP characterizes absorptive(reflective) properties of a material wall in the limit
of low energy H¯ atom scattering. In this section we present a theoretical formalism describing transition of H¯ atoms
through a slit between two coaxial cylindrical surfaces and propose to use this configuration for precision measurement
of | ImaCP |, thus getting access to studies of antiatom-material surface interactions.
A sketch of a posible experiment is shown in Fig.1. This scheme combines two approaches used previously in
experiments on gravitational and whispering-gallery states of slow neutrons: an assembly of two mirrors (one of which
plays a role of a scatterer/absorber) as in [40] and curved mirror surfaces (instead of flat ones) as in [17]. The concept
of the measurement would be in this case analogous to that, used in [40] for studying gravitational states of neutrons,
namely to measure the count rate of H¯ atoms penetrating through the slit between mirrors as a function of the ratio
of the spatial quantum state size and the slit size. Only states, with the spatial size smaller than the slit size could
easily penetrate through the slit, other states would be effectively absorbed.
An advantage of such an approach compared to measurements of single-reflection effects is much longer antiatom-
surface interaction time provided antiatoms are settled in whispering gallery states. On the other hand, the antiatom
tangential velocity turns to be an important tunable parameter in such a measurement [16–18].
In the previous section we found that if the tangential velocity v is fixed, then evolution of H¯ , settled in a superpo-
sition of whispering gallery states, is described by eq.(7). An equivalent problem of ultra-cold neutron motion in the
Earth’s gravitational field has been treated in [57–60]. The corresponding equations for H¯ evolution in whispering
gallery states between two coaxial cylindrical segments are:
[
− ~2∂22m∂x2 + mv
2
R x− ε˜
]
χµ(x) = 0
χ(0)
χ′(0) = −aCP
χ(H)
χ′(H) = −aCP .
(18)
We apply here two boundary conditions of the type eq.(11) at x = 0 and x = H to describe partial reflection of
H¯ atoms from the exterior (x = 0) and interior cylinders (x = H). This equation system determines complex
eigen-energies ε˜n of quasi-stationary states of H¯ localized between two cylinders. We derive the expressions for these
eigen-energies and discuss their properties in Appendix.
An important property of the corresponding eigen-energies ε˜n is that the state width is changing sharply as a
function of the quantum number n. For the quantum numbers n smaller than N , such that H ≃ λ0N l0, the eigen-
values ε˜n are close to those of WG states, given by eq.(14), ε˜n → εn, n ≤ N . Indeed, in such a case the centrifugal
barrier prevents H¯ in lower states n ≤ N to penetrate into the second cylinder, so the H¯ atoms are mainly scattered
by the exterior cylinder.
5FIG. 1: A sketch of the experimental setup. 1 indicates outer cylindric mirror, 2 indicates inner cylindrical mirror, 3 indicates
the momentum of H¯ atoms, parallel to the mirror surface, 4 indicates the detector of H¯ at the exit of the mirrors assembly.
The count rate of H¯ atoms at the exit of the mirror assembly is measured as a function of velocity of H¯ atoms.
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FIG. 2: The energies of the first three whispering gallery states as a function of the distance between the cylinder surfaces H ,
in dimensionless units.
For n > N H¯ atoms penetrate easily to the interior cylinder and are settled in states formed by partial reflection
from both cylinder surfaces. The width of such states is much larger. We show in Figs.(2,3) the energy and width
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FIG. 3: The width of the first three whispering gallery states as a function of the distance between the cylinder surfaces H , in
dimensionless units.
of the first three states as a function of the distance H between the cylinder surfaces. One can see a sharp increase
in the width of the states if H < λ0nl0. This sharp dependence of the states lifetime could be used to prepare a
superposition of a given number of whispering gallery states, as far as the states with higher n decay much faster.
The squares of relative amplitudes Cn(t) of four lowest states are shown in Fig.(4) as a function of time. The number
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FIG. 4: Relative contributions of the four lowest whispering gallery states to the H¯ density as a function of time. Solid line
corresponds to the relative contribution of first state, dashed line stands for second state, dotted line indicates third state, and
dash-dotted line shows forth state.
of states N , which contribute significantly to the flux through the waveguide is thus given by the number of states
with the spatial size smaller than H . These states have quantum number n such that n < N,H ≈ λ0N l0. One can
7show that for N ≫ 1 it could be approximated by the following semiclassical expression:
N ≈ (2H)
3/2mv
3~pi
√
R
(19)
Thus in the above limit of large N , it is proportional to the tangential velocity of antiatoms.
The coefficient F of transmission through the wave-guide, studied above, is given by:
F ≈
∞∑
i=1
|Ci(T )|2 ≈
∞∑
i=1
|Ci(0)|2 exp (−ΓiT/~). (20)
Here T = L/v is the classical time of flight along the curved path with the length L. In the above expression we
neglected small interference terms, which result from nonorthogonality of quasi-stationary whispering gallery states
(see discussion in [57]). Taking into account eq.(16) for the width of whispering gallery states (equal for all states)
and limiting the sum with contribution of states with n ≤ N , we get:
F ≈ (2H)
3/2m
3~pi
√
R
v exp [2mv Im aCPL/(~R)] (21)
for the transmission coefficient. An important consequence of the above expression, which is asymptotically valid
for large N , is exponential dependence of the transmission coefficient as a function of a factor Im aCP . The sharp
dependence of F on Im aCP follows from long antiatom-surface interaction time (multiple reflections) in the whispering
gallery mode.
We show in Fig.5 the coefficient of transmission through the waveguide, consisting of two coaxial cylinders with the
external radius R = 0.1 m, the distance between the cylinders H = 52 µm, and the curved path length L = 0.15 m,
as a function of the H¯ tangential velocity v. We obtained the corresponding values by numerical solution of Eq. (18).
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FIG. 5: The transmission coefficient is shown as a function of the tangential velocity v. The waveguide consists of two coaxial
cylinder with the external radius R = 0.1 m, the distance between the cylinders H = 52 µm, and the path length L = 0.15 m.
The choice of suggested parameters is conditioned by the following arguments. The velocity v of H¯ atoms is chosen
approximately equal to the velocities expected in experiments on production of ultracold H¯ [53]. The distance between
the cylinders allows selection of only a few quantum states. Their characteristic size l0 is given by eq.(8) and depends
on the velocity v and the cylinder mirror radius. It is chosen to be equal to the analogous gravitational length scale in
experiments with ultracold neutrons [40]. Much smaller values of l0 would not allow precise mechanical adjustment,
while significantly larger values would correspond to too low energies of the WG states and larger systematic effects
accordingly. Thus the choice of parameters of the mirror assembly and atom velocity corresponds to those parameters,
which are likely to be used in experiments with H¯ .
8IV. AN INTERFERENCE METHOD TO STUDY WHISPERING GALLERY STATES
Studies of interference patterns is known to be a powerful method for precision measurement of properties of
quantum systems. We suggest to study the interference of whispering gallery states in order to get information about
properties of variety of antiatom-matter interactions. A construction of a wave-packet, in which only a few quantum
states are superimposed, is a necessary condition for clearly observing interference. We use the waveguide consisting
of two co-axial cylinders which, as we have shown, enables us to construct a wave-packet of a few states. The number
of such states is determined by the distance H between cylinders and the tangential velocity v, according to eq.(19).
One can show [38] that the decay character of H¯ states near a material surface results in nonzero current through
the surface. Indeed, the boundary condition at the surface eq. (11) includes the complex scattering length aCP , which
guarantees the non-zero current, calculated at the surface position x = 0:
j(0, t) =
i~
2m
(
Φ(0, t)
dΦ∗(0, t)
dx
− Φ∗(0, t)dΦ(0, t)
dx
)
. (22)
Such a current determines the disappearance rate dF (t)/dt of H¯ . An interesting property of the rate of disappearance
of a superposition of several quantum states is the effect of temporal beatings, determined by differences in the states
energies. These beatings manifest in observable change of the number of annihilation events as a function of time; they
allow for measurement of the frequencies of transitions between energy levels. Using the properties of Airy functions
one can show [38] that
dF (t)
dt
= −Γ
~
exp(−Γ
~
t)
 n∑
i
|Ci|2 + 2Re
n∑
i>j
n∑
j
C∗jCi exp(−i(εi − εj)
t
~
)
 . (23)
Here Ci is the amplitude of the corresponding quantum state in the superposition of interest. For the case of
interference of three lowest equally populated states, studied below, the expression for the disappearance rate turns
to be:
dF123(t)
dt
≈ −2
3
Γ
~
exp(−Γ
~
t)
(
3
2
+ cos(ω12t) + cos(ω23t) + cos((ω12 + ω23)t)
)
, (24)
where ωij = (εj − εi)/~. The large-scale modulation of the interference beatings is given by the period of coherence
of cos(ω12t) and cos(ω23t) terms:
Tr =
2pi
ω12 − ω23 . (25)
As partial frequencies ω12 and ω23 are close to each other, the period Tr is large compared to the characteristic
period of beatings. The value of Tr is sensitive to small variations of partial frequencies, produced by any additional
interaction in the system. It is also sensitive to the variation of the beating time scale ~/ε0, induced by the change of
the tangential velocity v.
To demonstrate sensitivity of an interference pattern to parameters of the quantum system we show in Fig.(6) and
in Fig.(7) the disappearance rate as a function of time for two different tangential velocities of H¯ equal to 1 m/s and
0.99 m/s. The difference in the large-scale modulation character of the interference pattern is clearly seen.
In the studied above cases Tr = 0.170 s for the tangential velocity v = 1.00 m/s, and Tr = 0.265 s for the tangential
velocity v = 0.99 m/s and the difference in these values determines the visible difference in interference patterns in
Fig.(6) and Fig.(7).
We estimate that no major systematic effects would appear in experiments, modeled in Fig.5,6 and 7 provided the
quality of mirrors and the experimental setup are equivalent to those actually used in already performed analogous
experiments with ultracold neutrons [17, 40].
V. CONCLUSION
We have studied theoretically interference between WG states of H¯ atoms, moving near a cylindrical material
surface. Such states are an antimatter wave analog of the whispering gallery states of neutrons and matter atoms.
The localization of H¯ atoms near a surface of a curved mirror is due to the combined effect of quantum reflection
and centrifugal potential. We show that the rate of H¯ annihilation on the material surface has to exhibit temporal
9FIG. 6: The H¯ disappearance rate as a function of time for a superposition of several whispering gallery states. R = 0.1 m,
H = 32 µm v = 1.00 m/s.
FIG. 7: The H¯ disappearance rate is shown as a function of time for a superposition of several whispering gallery states.
R = 0.1 m, H = 32 µm v = 0.99 m/s.
beatings, which period is determined by difference in the whispering gallery states energies. This fact would allow for
precision measurements of the H¯-matter interaction properties, using interferometric methods. The benefit of such an
approach is due to long time of interaction with surface for anti-atoms settled in whispering gallery states. We have
pointed out a method to study the H¯-matter quantum reflection by measuring the coefficient of transmission through
a curved wave-guide. Thus obtained scattering properties of material wall is an important ingredient in precision
studies of gravitational properties of H¯ atoms, localized in gravitational quantum states above the material surface
[53]. We have proposed a way to shape a superposition of a few such states and to observe their interference in the
temporal behavior of the annihilation rate. The whispering gallery states of H¯ could be a promising tool for precision
measurements of the H¯-surface interactions, gravitational properties and WEP tests, guiding and trapping antiatoms.
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VI. APPENDIX
In this Appendix we derive the asymptotic properties of the eigen-energies of the WG states between two coaxial
cylinders, determined in eq. (18). The solution of Eq.(18) is a linear combination of Airy functions:
χn(x) ∼ Ai(x/l0 − βn)− S Bi(x/l0 − βn). (26)
We introduced here the dimensionless eigenvalues βn = ε˜n/ε0.
Boundary conditions at x = 0 and x = H imply the following condition for the eigenvalues βn:
Ai(−βn + aCP /l0)
Bi(−βn + aCP /l0) =
Ai(H/l0 − βn + aCP /l0)− aCP /l0Ai′(H/l0 − βn + aCP /l0)
Bi(H/l0 − βn + aCP /l0)− aCP /l0Bi′(H/l0 − βn + aCP/l0) . (27)
It is interesting to get the asymptotic expression for the eigen-values βn as a function of distance H between
cylinders, when H > |βn|l0. This condition provides that the interior cylinder surface is located within the classically
forbidden region for a given state βn. Using the asymptotic behavior of the Airy functions x≫ βn :
Ai(x− βn) ∼ 1
4
√
x− βn
exp(−2/3(x− βn)3/2) (28)
Bi(x− βn) ∼ 1
4
√
x− βn
exp(2/3(x− βn)3/2), (29)
we get the following approximative equation for the eigen-values βn:
Ai(−βn + aCP /l0)
Bi(−βn + aCP /l0) ≃
1
2
Exp
(
−4
3
(H/l0 − βn)3/2
)(
1 + 2
aCP
l0
√
H/l0 − βn
)
. (30)
It follows from Eq.(30) that in the limit H ≫ |βn|l0 :
Ai(−βn + aCP /l0)→ 0, (31)
which is equivalent to the equation for the eigen-values λn of WG states, reflected from one cylinder surface:
Ai(−λn + aCP /l0) = 0, (32)
hence in the limit H ≫ |λn|l0 the eigen-values βn tend to βn → λn.
Using the asymptotic equation for the eigen-values βn, given in eq.(30), it is possible to correct the eigen-values λn
of WG states due to the presence of the interior cylinder in the classically forbidden region:
βn = λn − Bi(−λn)
2Ai′(−λn) exp
[
−4
3
(H/l0 − λn)3/2
](
2
√
H/l0 − λn aCP
l0
+ 1
)
(33)
The width of the n-th state due to penetration under the gravitational barrier and absorption in the second cylinder
turns out to be:
Γn ≃ 2 | Ima+ CP |
l0
ε0
(
1 +
√
(H/l0 − λn)/λn exp
[
−4
3
(H/l0 − λn)3/2
])
(34)
One can see that the width of a given state of a H¯ atom between two cylinders increases steeply when the state
spatial size ( which can be estimated as a position of the classical turning point) approaches the position of the
interior cylinder surface λnl0 → H .
In the opposite limit H ≪ λnl0 the centrifugal potential can be neglected and one has a case of a ”box-like” state,
which energy level is determined by the following equation system:
[
~
2∂2
2m∂x2 +
κ2
n
2m
]
χµ(x) = 0
χ(0)
χ′(0) = −aCP
χ(H)
χ′(H) = −aCP .
(35)
The above equation is satisfied for the valuesκn:
κn =
pin
H + 2aCP
(36)
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The corresponding eigen-energies ε˜n = ~
2κ2/(2m) in the limit H ≪ λnl0 turn to be:
ε˜n ≃ ~
2pi2n2
2mH2
(1− 4aCP /H) (37)
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